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Reduced-Order Model Development Using Proper
Orthogonal Decomposition and Volterra Theory

David J. Lucia* and Philip S. Beran®
U.S. Air Force Research Laboratory, Wright—Patterson Air Force Base, Ohio 45433-7531

A new approach for generating reduced-order models of fluid systems was developed using proper orthog-
onal decomposition in combination with Volterra theory. The method involves identifying fluid basis functions
with proper orthogonal decomposition and applying systems realization theory to generate a low-dimensional
model for the scalar coefficients. The method was tested on a two-dimensional inviscid flow over a bump with
forcing. Eight fluid basis functions were identified, and the eigensystem realization algorithm was used to iden-
tify an eight-state, reduced-order model. Time histories of both the reduced-order coefficients and the expanded
flowfield data accurately tracked the full-order results in both amplitude and phase (average error less than
5%). The reduced-order model demonstrated four-orders-of-magnitude reduction in compute time relative to the
full system, which represents a computational improvement on the same order as the reduction in degrees of

freedom.
Nomenclature
A,B,C = state-space matrix operators
a(t) = modal coefficient
D, P,Q = singular value decomposition products
E F = vector of X-axis and Y -axis fluxes
Er = total energy, E7q/pooti?,
Jinod = modulating spatial function
g = modulating time function
H, = generalized Hankel matrix
h = volterra kernel function
1 = unit vector, x direction
J = unit vector, y direction
K = number of time samples in impulse
k = index on summation
L = reference length
M = number of degrees of freedom (DOFs) for proper
orthogonal decomposition/reduced-order modeling
(POD/ROM)
My, n, fluid momentum components, pu, pv
N = number of DOFs for full system
n = time index
P = pressure, Py/poott?,
0 = number of snapshots used in POD/ROM
q = number of states in realization
R = flux calculation from the Euler equations
r = size of shift in data window
N = matrix of flow field data, or snapshots
s = number of time samples in window
t = time, tyUoo/L
U = continuous conserved flow variables
U,U = full- and reduced-order vector of
discrete conserved flow variables
u = vector of forcing inputs
u,v = fluid velocity components, # /oo, Vg /oo
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matrix of eigenvectors of S7'S
full- or reduced-order vector for a single
fluid variable

spatial position vector, (x, y)
vector of dynamic states

spatial coordinates, x;/L, y;/L
Markov parameter

vector of measurement data
forcing amplitude

scaling parameter

ratio of specific heats

time-step size for integration
denSity’ pd/poo

reduced-order mapping matrix
POD basis function

POD basis vector

forcing frequency
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Subscripts

dimensional quantity

fluid system

Volterra kernel index

base flow

freestream quantity, dimensional

g O3 =

Introduction

HIS research merges two of the more prevalent reduced-order

modeling (ROM) techniques currently being developed for
nonlinear compressible flows: Volterra methods and proper or-
thogonal decomposition (POD). The application of ROM tech-
niques to compressible flows is an active area of research, mo-
tivated by the desire for faster flow solvers that are well suited
to the design environment. For example, transonic, fluid—structure
interaction is a particular application of interest to both external
and internal aerodynamicists because moving shock waves in a
flow necessitate high-fidelity numerical flow solvers, which are too
cumbersome for iterative design analysis. Regardless of the ap-
plication, when nonlinearities are present in the flowfield estab-
lished order-reduction methods that rely on linearized dynamics are
of little use.

POD of flow simulations was introduced in the mid-1990s to re-
duce the number of degrees of freedom (DOFs) of flow solvers. The
literature refers to such POD based fluid models as POD reduced-
order models (ROMs), where the term order is used to imply the
number of DOF. POD essentially identifies a small number of global
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fluid modes. A variety of techniques are used to identify the time-
varying modal coefficients. POD/ROM has enjoyed a great deal of
success for incompressible flowfields. Computers using the POD
reduced-order models can produce data fast enough to enable some
types of flow control for incompressible flows (e.g., see Refs. 1—
6). Galerkin projection was used in conjunction with POD to yield
these results.

More recently, POD has been extended to compressible flow
applications, but difficulties in solving for the modal amplitudes
have limited computational performance. POD/ROMs using non-
Galerkin solvers have been successfully applied to subsonic flow,
and supersonic aeroelastic problems for the case when the shock
motion and/or oscillations of any separated flow region are linearly
proportional to the structural motion. Such models are sufficient
to predict the onset of flutter and also limit-cycle oscillations if
the dominant nonlinearity is structural rather than aerodynamic in
origin. Of course if an aerodynamic nonlinearity caused by large
shock motions or large oscillations of a separated flow region is
the principal cause of the limit-cycle oscillations, then assuming
that such motions are linearly proportional to the structural mo-
tion is not sufficient.”~'> POD has also been used for low-speed
airfoil design.'® Recent advances in reduced-order modeling for in-
ternal flows have considered small motions of a transonic shock in
turbomachinery.'’~?° Using domain decomposition, POD/ROM has
also been successfully applied to flows with large motions of strong
shocks.2"22 The extension of POD/ROM to compressible flow has
produced as much as three-orders-of-magnitude reduction in DOFs,
but the best, nonlinear solvers have only realized one order of mag-
nitude in computational savings.?>~2* If the order reduction repre-
sents the potential in computational savings from using POD/ROM,
current nonlinear implementations are not efficiently exploiting the
low-order behavior.

Another ROM approach using Volterra series has been success-
fully applied to nonlinear aeroelastic systems.>> Volterra methods
rely on an inverse approach, where the dynamics of a physical sys-
tem are synthesized from a systematic collection of responses to
known inputs. The Volterra series consists of integral operators that
modify the system input using Volterra kernels. The sum of the
series produces the system response. For linear, time-invariant sys-
tems the Volterra series is the convolution integral, and the Volterra
kernel is the system impulse response. The higher-order Volterra
kernels vanish for linear systems, but nonlinear systems require
additional terms. Both linear and nonlinear Volterra kernels can
be readily identified from empirical data using both frequency-
domain and time-domain techniques®®~2°; however, integration of
the higher-order terms in the series is computationally demanding.
Researchers in this area are currently looking for ways to employ
systems realization theory to produce linearized and nonlinear state-
space systems that can be easily integrated. For first-order Volterra
kernels, the eigensystem realization algorithm (ERA) has been iden-
tified as a viable systems-realization technique.*® One drawback of
the Volterra approach is that it provides scalar outputs to scalar
inputs. Application of Volterra methods to a spatially distributed
flowfield implies a large scalar system because every location of
interest would represent four states in two dimensions within the
convolution integral (one state per fluid variable, five in three di-
mensions). The Volterra approach is not efficient for such large
systems.

This paper extends the application of Volterra theory to reduced-
order modeling of compressible flows by considering the modal
response of global fluid modes obtained through proper orthogo-
nal decomposition. Volterra theory has been used with good suc-
cess on structural dynamics applications.’® Even though structural
systems are spatially distributed, the number of states is reduced
through modal analysis. The Volterra approach is applied to scalar
modal amplitudes, which provides a small set of time signals for
systems realization. Proper orthogonal decomposition provides an
analogous approach for fluid flows. Global fluid modes are identi-
fied with POD, and systems realization theory is used to identify
the modal responses from numerical data. The numerical data are
the response of the fluid flow to the impulse excitation of one or

more forcing terms. The fluid response at each sampled time is pro-
jected onto the POD basis functions to obtain the time history of
the modal amplitudes. The resulting data are used to synthesize a
very low-order state-space model, which can be integrated quickly
to obtain time histories of the modal amplitudes. The entire flow-
field can be reconstructed from the modal amplitudes for any time
of interest.

The hybrid POD-Volterra approach is demonstrated using a lin-
ear flowfield undergoing oscillatory forcing within the interior of
the domain. Following a more detailed discussion of POD, Volterra
theory, and ERA, a systematic procedure is developed to synthesize
a linear state-space model using the POD basis functions. Details
of the approach are provided, concentrating on discrete-time im-
pulse response generation using the full-order model and system
identification using ERA. The accuracy of the state-space model is
addressed by expanding the reduced-order time history to obtain un-
steady flowfield data, which are then compared with the full-order
results. For comparison, the nonlinear, non-Galerkin approach to
POD/ROM is also applied to this problem, and the computational
performance of the hybrid approach is shown to be vastly superior.
Lastly, the potential for nonlinear analysis using the POD-Volterra
approach is discussed.

For time linearized models where the shock motion is assumed
linearly proportional to the structural motion, POD/ROM is a highly
efficient solution method shown to reduce computational cost by
several orders of magnitude. This method also works for transonic
viscous flows if any separated flow regime undergoes oscillations
whose amplitude is linearly proportional to the structural motion.
For large motions of the shock or separated flow such that these mo-
tions are no longer linearly proportional to the structural motion, ex-
tending POD/ROM is straightforward in principle but very difficult
in practice because of the particular form in which computational-
fluid-dynamics (CFD) codes and their equations are usually struc-
tured as discussed in this paper. However, the harmonic balance
technique, which solves for nonlinear unsteady periodic flows by
expanding the solution in a Fourier series of harmonics in time, has
been shown to reduce the cost of CFD solutions relative to a time-
marching method.!” The method discussed in the present paper,
when extended to the case of large shock motions and large oscilla-
tions of separated flows, seeks to further reduce this computational
time.

Background

Fluid Dynamics

The dynamics of inviscid fluid flows are governed by the Euler
equations. The two-dimensional Euler equations are given next in
strong conservation form3!:

U  OE  OF _

AT — ) 1
31+3x+8y (la)

UX,t) = (1b)
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where p, m,, m,, and E7 are functions of space and time. Because
we assume an ideal gas for our applications, this equation set can
be closed using the ideal-gas law.

The solution of the Euler equations can be approximated using
either finite difference, finite volume, or finite element techniques.
To do this, the spatial domain is discretized, and the flow variables
in U(X,t) at each discrete location are collocated into a column
vector U(¢). Time integration across the computational mesh is used
to obtain flow solutions.

Because the Euler equations are linear in the time derivative,
and quasi-linear in the spatial derivative,’!3? the spatial derivatives
and the time derivatives in Eq. (1a) can be separated to form an
evolutionary system. To accomplish this, the spatial derivatives of
the flux terms dE /dx and dF /9y are grouped to form a nonlinear
operator R acting on the set of fluid variables. The fluid dynamics
from Eq. (1a) can then be expressed as

dU X, t)

=RUX, ¢ 2
P [UX, 0] @
When discretized, this expression takes the form

dU ()
dr

= R[U®)] (3)
Equation (3) is referred to as the full-system dynamics.

Proper Orthogonal Decomposition

POD is a technique to identify a small number of basis functions
that adequately describe the behavior of the full-system dynamics
[Eq. (3)] across some parameter space of interest. A summary of
POD as it applies to a spatially discretized flowfield follows. A
detailed description of POD is available in the literature.>3* For
simplicity, consider only one fluid variable w(x, ), which when
spatially descritized using N nodes is denoted w(z). For this fluid
variable, the full-system dynamics in Eq. (3) is expressed as

dw
i Ry, (w) €]

Spectral methods approximate the solution w(X, ¢) as

M

wX, )~ Y at)geX) )

k=1

When the domain is spatially discretized, ¢, (X) becomes a vector
@, and the following relation applies:

M

W)~ Y ang, ©)

k=1

The set of vectors {¢,} are discrete basis functions corresponding
to the computational mesh defined for the numerical solver. The
set {a,} are the modal coefficients, and Eq. (6) can be represented
using matrix algebra. The fluid modes comprise columns of a modal
matrix @, and the coefficients are collocated into a column vector
w(t). POD produces a linear transformation ® between the full-
order solution w and the reduced-order solution w:

w(t) = Wy + Ow(r) (7

The reduced-order variable w(t) represents deviations of w(t) from
a base solution Wy. The subtraction of W, will result in zero-valued
boundaries for the POD modes wherever constant boundary condi-
tions occur on the domain.

@ is constructed by collecting observations of the solution
w(t) — W, at different time intervals throughout the time integra-
tion of the full-system dynamics. These observations are called
snapshots®* and are generally collected to provide a good variety
of flowfield dynamics while minimizing linear dependence. The
snapshot generation procedure is sometimes referred to as POD
training.

A total of Q snapshots are collected from the full-system dynam-
ics. These are vectors of length N. The set of snapshots describe
a linear space that is used to approximate both the domain and the
range of the nonlinear operator R,,. The linear space is defined by
the span of the snapshots.?* POD identifies a new basis for this linear
space that is optimally convergent® in the sense that no other set of
basis functions will capture as much energy in as few dimensions as
the POD basis functions. To identify the POD basis, the snapshots
are compiled intoan N x Q matrix S, known as the snapshot matrix.
The mapping function & is then developed using

STSV =VA (8a)

D=8V (8b)

Here V is the matrix of eigenvectors of S™ S, and A is the correspond-
ing diagonal matrix of eigenvalues. To eliminate redundancy in the
snapshots, the columns of V' corresponding to very small eigenval-
ues in A are truncated. The matrix of eigenvalues A is also resized
to eliminate the rows and columns corresponding to the removed
eigenvalues. If O — M columns of V are truncated, the resulting
reduced-order mapping ® will be an N x M matrix. ® determines
the coordinates of w(#) in terms of the M remaining basis functions

-

The reduced-order mappings for each fluid variable are developed
separately, and individual S and V arrays are collocated as blocks
into a larger set of arrays, also denoted S and V/, to form

U(t) ~ Uy + dU®1) (9a)

D=8V (9b)

These versions of Egs. (7) and (8b), respectively, apply to the entire
set of fluid variables.

Reduced-Order Model Generation

Once the POD basis functions have been identified using the
method of snapshots, the Euler equations must be recast to solve
for the modal coefficients U(¢) in lieu of the full-system variables
U(t). For compressible flows, this is generally accomplished using
a non-Galerkin method.

The non-Galerkin approach, also known as the subspace pro-
jection method,’ uses the full-system dynamics and a forward dif-
ference approximation to yield the following reduced-order flow
solver:

0n+l — 071 + AtAfl(VTV)ilvTSTR(SVI}n) (10)

The pseudoinverse of V' is shown assuming modal truncation is em-
ployed. The inverse of A and pseudoinverse of V exist assuming
modal truncation is employed to eliminate the zero-valued eigen-
values of ST S and their corresponding eigenvectors.*® Notice that
A WVTV)T'VTST from Eq. (10) is equivalent to (&7 &)~ &7, and
(®T®)~'d" = &7 when the modes are normalized.

The subspace projection method relies on the full-system func-
tion evaluation R at each time-integration step. As such, the order
of each integration step is not actually reduced. Computational im-
provement occurs because subspace projection can greatly increase
the time-step size allowed for stability. The total number of time
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steps required for the explicit solver can be significantly reduced
using this approach.?

Volterra Methods

This section will concentrate on time-domain Volterra
formulations,”’ 3 consistent with the implied application to time-
domain, computational-fluid-dynamics methods. The literature on
Volterra theory is rich, including several texts.2®40-42

First consider time-invariant, nonlinear, continuous-time sys-
tems. Of interest is the response of the system about an initial state
x(0) = xy as aresult of an arbitrary input u(¢) (we take u as a real,
scalar input) for r > 0. As applied to these systems, Volterra theory
yields the response

x(t) = hy + / hi(t — t)u(r)dr

0
t t
+/ f hy(t — 71, t — D)u(t)u(ry) dr; dr,
0 0

N t t
+Z/O ~-/0 h,t—1,..,t —t)u(ty)..u(t,)dr..dr,

n=3
an

The Volterra series in expression (11) contains three classes of
terms. The firstis the steady-state term satisfying the initial condition
ho = x,. Next is the first response term,

/ hi(t — t)u(r)dr
0

where h is known as the first-order kernel (or the linear unit im-
pulse response). The identification of the kernel k() is based on
measuring the response of the system to a unit impulse (Dirac delta
function) at 7, =0. Equation (11) requires the system to be time
invariant, so that the system responds in an identical manner (but
translated in time) to an impulse at any t; > 0. The first response
term represents the convolution of the first-order kernel with the
system inputs for times between 0 and ¢, where by causality inputs
beyond time ¢ are excluded. Last are the higher-order terms involv-
ing the second-order kernel A, and the nth-order kernels k,,. These
terms do not all vanish when the system is nonlinear.*®

The Volterra series can be accurately truncated beyond the
second-order term when a weakly nonlinear formulation is
considered:

x(t) = hy + [ hi(t — t)u(r)dr
0

+ / / hy(t — 11, t — ©)u(t)u(t,) dr do, (12)
0 Jo

The assumption of a weakly nonlinear system is consistent with
the emergence of limit-cycle oscillation of a two-dimensional
aeroelastic system in transonic flow through a supercritical Hopf
bifurcation.” For linear systems, only the first-order kernel is non-
trivial, and there are no limitations on input amplitude.

The first- and second-order kernels are presented next in final
form*’:

Ry (t1) = 2x0(t1) — 3%2(T1) 13)
hy (11, 1) = 3[x1(11, ) — Xo(T1) — Xo(12)] (14)

InEq. (13),x(7;) is the time response of the system to a unit impulse
applied at time 0, and x, () is the time response of the system to
an impulse of twice unit magnitude at time 0. These response func-
tions represent the memory of the system. If the system is linear,
then x, =2xy and h; =x(, which is why the first-order kernel is
referred to as the linear unit impulse response. The identification

of the second-order kernel is more demanding because it is depen-
dent on two parameters. Assuming 7, > 7 in Eq. (14), xo(12) is the
response of the system to an impulse at time ;.

Time is discretized with a set of time steps of equivalent size. Time
levels are indexed from O (time 0) to n (time ¢), and the evaluation
of x at time level n is denoted by x[#]. The convolution in discrete
time is

N
xln] =ho+ Y hln — klulk] (15)
k=0
N N
+ Y haln — ki, n — kolulk ko) (16)
k1 =0k =0

The identification of linearized and nonlinear Volterra kernels
is an essential step in the development of ROMs based on Volterra
theory, but it is not the final step. Ultimately, these functional kernels
can be transformed into linearized and nonlinear (bilinear) state-
space systems that can be easily implemented into other disciplines
such as controls and optimization.”®3” For linear dynamics, state-
space realization using the ERA has been used to generate linear,
aeroelastic systems.>* Nonlinear system realization is an active area
of research.

System Realization

The ERA method® identifies a discrete, linear, time-invariant
state-space realization of the form

x[n + 1] = Ax[n] + Bu[n], y[n] = Cx[n] 7

using data from a complete ensemble of impulse responses. Initial
state responses can be used in lieu of impulse responses, but we only
consider impulse response data in this overview for simplicity. The
systems realization procedure takes measurement data y[n] from
the free response of the system and produces a minimal state-space
model A, B, and C such that functions y are accurately reproduced.

The free pulse response of linear, time-invariant, discrete systems
is given by a function known as the Markov parameter:

Y[n]=CA""'B (18)

The superposition principle states that a system response to any
arbitrary input can be obtained from a linear combination of im-
pulse responses from that system. The generalized Hankel matrix
of impulse responses is related to the Markov parameter by the su-
perposition principle. The Hankel matrix is formed by windowing
the impulse response data. A total of K data points are provided at

discrete time steps t =14, .. ., tx, and the r x s matrix H, is formed
as follows:
Y[n] Yin+1_1]
Y[ +n] Y[ji+n+it_1]
Hy ' = . . . 19
Y[j -1 +n] Y[j_1+n+t_1]

The choice of r and s is arbitrary as long asr +s +k <K + 2.
The ERA method eliminates redundant data by using singular
value decomposition (SVD) on H?,

H’=PDQ" (20)

Unwanted state dimensionality is eliminated by truncating the ele-
ments of P, D and Q associated with very small singular values of
HY. The number of states is reduced to a minimal number g. The
number of observations p and the number of forcing terms m are
known from the problem formulation. The dimension of the Markov
parameter Y[n] is p x m. Algebrais used to recast Eq. (18) in terms
of the time-shifted Hankel matrix HY, and the elements P, D, and
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Q. The state-space realization flows from this manipulation and is
as follows:

A=D:PTH\QD: (21a)
B=D>QTE, (21b)
C = E'PD? 2lc)

E] and E] are defined here:
E} =[1,,0,,...,0,] (222)
E; = [, 0,,,, cees Om] (22b)

where 0,, and 0,, as the null matrices of order p and m, respectively,
and I, and I,, are the identity matrices of order p and m.

Two-Dimensional Flow over a Bump with Forcing

A full-order numerical solver was developed to provide data for
the POD basis, as well as a reliable solution for comparison with
the reduced-order model results. The full-order model is described
next, along with the key features of the resulting flowfield that we
used to assess the performance of the POD-Volterra method.

Problem Description

POD-Volterra ROM development was demonstrated for a two-
dimensional, inviscid flow along a solid wall containing a small
circular arc. Unsteadiness was introduced by varying y according
to

Y X, 1) = Yy (X) + 8() finoa (X) (23)

The function y,,(X) was the base value of y when no forcing was
applied. We used a constant value of ., (X) = 1.4 for our research.
Jfmod(X) was a two-dimensional Gaussian distribution as depicted
graphically in Fig. 1. The circular arc (length 1 and height 0:001)
was centered at x =0, y =0, and the Gaussian curve was centered
directly above it at x =0, y =2.5. The covariance terms determine
the spread of the Gaussian curve and were o, = 0, = 0.25. The time-
varying function g(¢) was defined as

g(t) =« Sin[a) (t + tbase)] (24)

The scalar #y,s adjusted the phase of the forcing to match initial flow
conditions for starting the time integration at times other than # =0.
For the results that follow, the amplitude was fixed at « = 0.07, and
frequency was fixed at w = 0.2145. This type of forcing was selected
to provide unsteady behavior without the added complication of a
dynamic boundary condition.

Fuod

Fig. 1 Modulating function for ~.

Grid

A rectangular domain of dimension —23.668 < x < 23.668 and
0 <y <24.6 was used for this research. The large domain was in-
tended to contain all of the flow dynamics, and extending the domain
in this fashion facilitated the use of characteristic boundary condi-
tions for the outer portion of the domain. A structured grid was
generated for this domain using 141 nodes along the solid surface
and 116 nodes extending to the far-field boundary. The spacing of
the grid points increased geometrically from the solid wall in the nor-
mal direction. In the streamwise direction, the grid spacing was held
constant at A, =0.0125 over the entire bump and was increased
geometrically upstream and downstream of the bump position. This
particular grid was shown to be converged for a similar inviscid flow
problem using a comparable fluid solver.*

Solver

A finite volume scheme was the basis for the full-order solver
used in this research, which approximated the integral form of the
Euler equations:

d N P
—/UdV+/(El+F])-dS=O (25)
dr Jy av

The grid points in the computational mesh described earlier were
used to form corners for cells. For each cell, the integral form of
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Fig. 2 Full-order pressure response.
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the Euler equations reduced to the following, assuming no grid
deformation:

d . . dS;;
EUII"/ + Z(E,‘JZ + F,'_‘,'J) . d_A,-,j =0 (26)

sides

The flux terms E; ; and F; ; were computed using first-order Roe
averaging,®' and the flow variables U; ; were evaluated as cell av-
erages. Time integration across the computational mesh was used
to obtain flow solutions. This was accomplished with a first-order-
accurate, forward Euler approximation. The full-order model for
this problem had 64,400 DOFs.

External boundaries were handled with ghost cells. The fluid val-
ues for the ghost cells at the far-field boundaries were determined
using characteristic boundary conditions.?! The bump-surface was
modelled using a transpiration approximation.*> The finite volume
fluid solver and the transpiration boundary condition were validated
by comparison with experimental data.*®

Full-Order Behavior

The full-order model was time integrated using the baseline
forcing frequency w =0.2145, the baseline amplitude variation of
o =0.07, and a freestream Mach number M,, =0.75. The flow
was initialized with steady-state conditions obtained with zero
forcing.

Once the flow was fully developed, the unsteady pressure on the
surface of the bump varied based on the amplitude and frequency of
the forcing term. The difference between the maximum and mini-
mum surface pressures (nondimensional, for fully developed flow)
at the half-chord location on the bump surface is denoted A P,;4. The
response of A P4 from the full system is shown in Fig. 2 for vari-
ations in both frequency and amplitude. At the baseline amplitude,
forcing frequencies greater than 0.1 introduced nonlinearities into
the dynamics as indicated by the resonance peak in Fig. 2. At forcing
frequencies between 0.1 and 0.5, the nonlinearities were weak. The
average midpoint pressure was 1.265, which was slightly less than
the freestream pressure Py, =1/y M? =1.27. This difference was
33% of the pressure amplitude variation and provided a measure of
nonlinearity. At frequencies between 0.5 and 3, the nonlinearities
were stronger, and at frequencies greater than 3 the fluid system did
not react quickly enough for forcing to affect pressure on the bump

Full System

Time

E semeeeeeeee SS Realization

surface, and the frequency response quickly fell off. At the baseline
frequency, amplitude variation greater than 0.1 introduced nonlin-
earities as well. The o =0.07 baseline amplitude was well within
the linear range at this frequency.

Results

The POD-Volterra method is used to identify a low-order, state-
space system for the unsteady bump problem with freestream Mach
0.75 as just described. The time history of U is compared with the
time history from the full-order system at the baseline forcing fre-
quency w =0.2145 and forcing amplitude o = 0.07 to quantify the
accuracy and computational efficiency of the reduced-order method.

Identification of Fluid Modes

Fluid modes were obtained using POD as outlined previously. S
contained snapshots from time integration of the full-order model
at the baseline frequency and amplitude. A set of 50 snapshots was
taken at even intervals from startup through a single cycle of oscil-
lation (approximately 28 time units). The base flow term U, from
Eq. (9a) consisted of freestream conditions everywhere throughout
the domain. The first two modes for each fluid variable contained
over 99% of the energy content, and system realization was per-
formed using a total of M =8 fluid modes (two modes per fluid
variable).

System Realization

A state-space realization of the form in Eq. (17) was obtained
using ERA. Impulse responses for the fluid system were generated
using a single time-step pulse of g(#) within the gamma-modulating
function [Eq. (23)]. The impulse amplitude was arbitrarily chosen
to be 1000. The full-system response to this impulse was sampled
over 15 nondimensional time units at a rate of dr = 0.0244 for a total
of K =614 discrete data points. The fluid system impulse response
was generated using the full-order model. The time history of the
full-order impulse response was projected onto each of the POD
basis functions to obtain the impulse response of the reduced-order
fluid variable U. The data were windowed using s = 305 and r = 20.
Because there was only one forcing term, the value of m was 1, and
p =8 was chosen to match the number of ROM coefficients. The
collection of impulse responses formed an 8 x 1 Markov parameter
Y[n] function from Eq. (18). The number of states ¢ = 8 was chosen

Time

Fig. 3 Impulse response of state-space realization.



Modal Amp. Modal Amp. Modal Amp.

Modal Amp.

Modal Amp. Modal Amp. Modal Amp.

Modal Amp.

LUCIA AND BERAN

04 ——©—— Density Mode 1 (Full System)
E e G Density Mode 1 (ROM System)

02 |
A ~ s > N - ss > ) ~

0k

02

o4l b v e e L L e L L

Time
0.4 —©6—— Density Mode 2 (Full System)

------ w--- Density Mode 2 (RO System)

0.

0.2

oab ol e e e L L L L

’ 10 20 30 40 50 60 70 80 90
Time

0.4 —6—— X-velocity Mode 1 (Full System)

g X-velocity Mode 1 (ROM System)

aasnnanast

—=©6—— X-velocity Mode 2 (Full System)
- X-velocity Mode 2 (RM System)

PP B SRR | s e b L 1

|
30 40 50
Time

—©—— Y-velocity Mode 1 (Full System)
—————— w---Y-velocity Mode 1 (ROM System)

<
[N}
T T

0 N

02
R PR R RN B AT BT R BN R B

: 10 20 30 40 50 60 70 80 90
Time

04 — —©6—— Y-velocity Mode 2 (Full System)
E e At Y-velocity Mode 2 (ROM System)

0.2

o4 v e v e L L L e L L

Time

——©—— Total Energy Mode 1 (Full System)
e A Total Energy Mode 1 (ROM System)

o
)
T T

S
)
AR RARE

oa b e e e L e L e L

10 20 30 40

Time

0.4 —=©O©—— Total Energy Mode 2 (Full System)
------ w--- Total Energy Mode 2 (ROM System)

0.2
0
0.2
0.4
10 20 30 40 50 60 70 80 90
Time

Fig. 4 Modal responses.

1187



1188

to match the number of ROM coefficients, so that SVD on the Hankel
matrix formed from Y [n = 1] was used to truncate all but the largest
eight singular values, yielding the matrices P, D, and Q. Equations
(21a—21c) were then used to generate a linear state-space model for
the reduced-order fluid system:

x[n + 1] = Ax[n] + BBgln] (27a)

Uln] = Cx[n] (27b)

where f is a scaling parameter that was used to calibrate the forcing
amplitude. Because x and U had the same dimensions, Eq. (27a)
was simplified by dropping Eq. (27b),

Uln + 11 = A, Uln] + B;Bgln] (28)

where Ay =CAC™", By =CB,and C; = I;.

131 Full System
[ ERA alpha/14
129 F Subspace Projection

25 50 75
Time

Fig. 5 Pressure time history on bump.

LUCIA AND BERAN

The impulse response of Eq. (28) was obtained with § = 1. Good
agreement between the impulse response of the reduced-order sys-
tem and the impulse response from the full-order system is shown
in Fig. 3.

ROM Time Integration

In previous Volterra work, the choice of impulse amplitude and
duration has been shown to have a strong affect on the accuracy of
the reduced-order model.* Presently, no general rule is available
to govern the choice of impulse amplitude. For this research, the
impulse amplitude was arbitrary, and the scalar coefficient 8 in-
troduced in Eq. (28) was used to synchronize the ROM results to
match the full-order behavior. The full-order time history used to
collect snapshot data for the POD development was available to set
B; therefore, no additional full-order runs were required. The value
of B =1/14 was used to produce the results given next.

Modal Coefficients

The reduced-order fluid system [Eq. (28)] was time integrated
with the baseline forcing, and the modal reponses were obtained as
shown in Fig. 4. Good agreement with full-system modal amplitudes
was shown for the same time-integration case. Full-system modal
amplitudes were obtained by projecting the full-order response onto
the modes.

Surface Pressure

In addition, the pressure on the surface of the bump was obtained
from the reduced-order model by expanding the modal responses
and extracting the pressures from the proper spatial locations. Sur-
face pressures (at the midpoint and %-chord) from the POD-Volterra
reduced-order model were shown to be in good agreement with the
full-order results in Fig. 5 (< 5% average error). The same mode
set was used in a subspace projection POD/ROM, and the results
were not as accurate (also shown in Fig. 5). The subspace projec-
tion POD/ROM began to go unstable after the second cycle. We
attempted to improve the subspace projection results by truncating
more modes, but the solution accuracy suffered. The state-space ap-
proach with POD-Volterra stabilizes the high-frequency content in
the lower energy modes, providing better accuracy than subspace
projection for this case.

Quantifying Dissipation
The eigenvalues of the reduced-order system are shown in Fig. 6.
For this plot, the discrete system from Eq. (28) is converted to

0.17Hz
0.047 Hz -

Imaginary Axis
o

|
N

-4

-6

-8

Real Axis

Fig. 6 Eigenvalues of ROM fluid system.
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Table 1 Computational performance

Flow solver DOFs Wall-clock time, s
Full order 64,400 310.256
Subspace 8 77.902
POD-Volterra 8 0.08

continuous form, and the eigenvalues are obtained from the contin-
uous version of A ;. The imaginary portion of each complex eigen-
value pair (jw) provides the frequency associated with that eigen-
mode. The baseline forcing frequency (w = 0.2145 radians per time
unit) translates to 0.034 cycles per time unit (hertz). The frequency
response of the full system in Fig. 2 is band limited, with the fre-
quency response decaying rapidly after about 0.32 Hz. Clearly, the
highest frequency (1.3 Hz) associated with the outlying eigenval-
ues in Fig. 6 represents nonphysical behavior, which is most likely
caused by numerical instabilities in the full-system solver, trans-
ferred to the state-space model through the impulse response data.
The second highest frequency (0.33 Hz) is close to the resonance
peak and can represent legitimate physics in the system. The large,
negative real portion of both high-frequency complex pairs repre-
sents the damping of the high-frequency oscillations. The large value
of damping is consistent with the large amount of dissipation present
at high frequencies in the first-order Roe-scheme fluid solver. The
two low-frequency eigenvalues represent important physics in the
modal amplitudes, and there is less damping of these terms in the
state-space model.

Computational Performance

The motivation for employing the POD-Volterra approach was to
realize a computational performance improvement consistent with
the reduction in the number of DOFs. Computational performance,
summarized in Table 1, was assessed by measuring the wall-clock
time for each solver to provide a time history of the flow (88 time
units). All computations were run on a 800-MHz Pentium-based PC.
Both the full-system and non-Galerkin ROM solvers were written
in FORTRAN by a single programmer. The compiler options and
I/O requirements were chosen to provide the quickest run times,
and these were identical for both the full-system and reduced-order
solvers. The linear, state-space POD-Volterra ROM was time inte-
grated on the same 800-MHz PC using a function callin MATLAB®.

The non-Galerkin approach was not nearly as efficient as the
POD-Volterra method because the subspace projection method used
the flux evaluation of the full-order model. Subspace projection
mapped the flow solution onto the POD basis vectors at each integra-
tion step. This projection truncated high-frequency oscillations and
permitted stable integrations at a Courant—Friedrichs—Lewy (CFL)
condition of 5. (The full-order model required CFL < 1 for stability.)
The larger time step associated with the large CFL number yielded
the reduction in wall-clock time shown in Table 1. Notice that sub-
space projection only provided one-order-of-magnitude reduction
in computation time to accompany four-order-of-magnitude reduc-
tion in DOFs. In contrast, the POD-Volterra ROM reduced compute
time by four orders of magnitude and realized an improvement in
performance consistent with the DOF reduction.

The cost of computing the state-space realization using ERA was
small. Because there was one forcing term, only one additional run
of the full order solver was required to provide the impulse response
data. A single run of the full-order solver generally took about 300 s.

Conclusions

A new approach for generating reduced-order modeling (ROMs)
of fluid systems was developed using proper orthogonal decom-
position (POD) in combination with Volterra theory. The method
involves identifying fluid basis functions with POD and applying
systems realization theory to generate a linear, state-space model for
the scalar coefficients. The method was tested on a two-dimensional
inviscid flow over a bump with forcing. Eight POD basis functions
were identified, and the eigensystem realization algorithm was used
to identify an eight-state POD-Volterra ROM. Time histories of

both the reduced-order coefficients and the flowfield data accurately
tracked the full-order results in both amplitude and phase (average
error less than 5%). The new approach was shown to be superior
in accuracy, stability, and computational efficiency to the subspace
projection POD/ROM for the same case. The POD-Volterra ROM
demonstrated four-orders-of-magnitude reduction in compute time
relative to the full system, which represents a computational im-
provement on the same order as the reduction in degrees of freedom.

The future of the hybrid POD-Volterra approach depends on ex-
tending the method to problems with moving boundaries and non-
linear dynamics. The extension to moving boundaries would require
coupling the fluid model with a model of the boundary dynamics.
Modal representation of the boundary would result in forcing terms
for the system realization of the fluid dynamics, replacing the y
forcing used here. The impulse response from each boundary mode
could be obtained from the full-system model, and these would com-
prise the Markov parameter for system realization. In the event of
a free boundary, the fluid modes could also be used to force the
boundary dynamics. In this manner, dynamic boundary conditions
could be incorporated through the coupling of forcing terms.

The addition of nonlinear terms to the POD-Volterra ROM could
come from two areas of research. Nonlinear-systems realization
with Volterra theory is an active area of research® that is attempt-
ing to identify nonlinear state-space models from sampled data. For
weakly nonlinear systems, a Galerkin approach to the Euler equa-
tions, along with of-order analysis to reduce the number of terms,
might be a viable approach. Galekrin projection to identify the non-
linear terms could be used to amend the linear state-space model
with the necessary nonlinear terms for specific problems.

The linear POD-Volterra ROM coupled with a nonlinear structural
model could be used to study many aeroelastic problems of interest
in an efficient and accurate manner. Many limit-cycle oscillation and
flutter problems involve linear fluid dynamics and nonlinear struc-
tural dynamics. Elastic panels in supersonic crossflow are just one
example. The tremendous computational speed associated with this
new approach, combined with the potential for application to aeroe-
lastic design problems, makes this hybrid approach an important
advance in reduced-order modeling methods.
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